MATH AND SCIENCE SUMMER PROGRAM 2021

Tuyén sinh mén Toan

Cau hoi 1

Ong gia Noel muén ting n phan qua cho n em bé. Ong c6 m chii tuan 1oc, véi m > n. Chiée xe ciia 6ng chi cé thé
dudc kéo béi mot chi tuan 1oc va chi mang dudec mot phan qua. Nhu vay, ong sé phai mang titng phan qua dén
cho titng em bé, sau dé lai quay vé dé lay qua. Mai chii tuan 1oc chi dii stic cho mot chuyén di (ca di 1dn quay vé),
nghia 1a 6ng phai thay mot chi tuan 16c méi (chua ting di chuyén ndo trude d6) mdi 1lan quay vé lay qua.

Quéang duong tit nha ong giad Noel dén nha clia n em bé 1an ludt 1a aq,. .., a,, véia; > -+ > a, > 0. Van tdc cia m
cht tuan 16c 1an lugt 14 by, ..., by, v6i 0 < by < --- < b,,. Ong gia Noel nén sip xép cac chi tuan 1o¢ cho n chuyén
di ctia minh nhu thé ndo dé xong viéc nhanh nhat?

Cau hoi 2

Trong mit phéng toa do, xét hinh vuong bi gidi han béi cac dudng thing {x = 0}, {z = 1}, {y = 0} v& {y = 1}.
Mot chii bo xau s6 nim & mot diém bén trong hinh vuong (khong nam trén canh). Chi bo bit dau di chuyén theo
mot duong thing véi hée sé goc . Tuy nhien, day la mot hinh vudng ky quic, né tuan hoan theo ca hai phuong
ngang va doc. No6i cach khac,

1. khi chi bo di chuyén dén diém (a, 1) thi sé lap tiic bi dich chuyén vé diém (a,0) (vAn giit nguyén huéng di
chuyén lic dau), va nguge lai, khi di chuyén dén diém (a,0) thi sé lap tic bi dich chuyén vé diém (a, 1).

2. Tuong tu, khi chi bo di chuyén dén diém (1,b) thi sé lap titc bi dich chuyén vé diém (0,b), va ngugc lai.

Tim diéu kién ctia o dé chii bo trd vé vi tri ban dau sau mot khoang thsi gian nao dé (n6i cach khéc, qui dao
chuyén dong la tuan hoan).
Cau héi cong diém. Em c6 nhan xét gi vé qui dao chuyén dong khi quy dao chuyén dong la khong tuan hoan?

Cau hoi 3

Muc tiéu ctia cau héi nay 1a tim hiéu vé mot phuong phap ma héa trong mat ma hoc. N6 gdm 12 bai tap nhd.
Truée hét, ta gdn cho mdi chit cai trong bang chit céi tiéng Anh mot con sb tit 0 dén 25 theo ding thit tu. Vay

A—~0, B—~1, C—2 D—3 FEw—4, F—5 G—6, H—T7 I—8 J—9,

K—10, L~—11, M~—12, N~—13, O~ 14, P~ 15 @Q+— 16, R~ 17,
S—18, Tw—19, U—20, V=21, W22 X+—23 Y24 Z+— 25

Dé ma hoa mot viin ban cho trude, ta thie hien nhu sau: Chia van ban thanh cac khéi nhé, méi khéi gom 2 chit
cai lien tiép (bé qua dau cach). Néu s6 chit cai 1a 1 thi ta them mot ky tu tiy ¥ vao cudi van ban (chédng han 1a
A). V6i mdi khéi van ban thu duge, ta sé ma héa né thanh mot khdi vin ban méi, vAn gdm 2 chit cai, theo quy tic
nhu sau. Goi x,y € {0,1,...,25} 1an lugt 14 con s6 ng v6i hai ky tu can ma héa. Hai ky tu sau khi ma hoa sé 1lan
lugt ting véi cac con 86 X,Y € {0,1,...,25} dugce cho bdi quy tac nhu sau

X =3z+2y (mod 26)
Y =4x+y (mod 26)

(ta lam phép nhan vi cong nhu binh thudng, r6i 14y sd du khi chia cho 26).
Chang han, van ban géc I LOVE YOU sé dugc ma héa theo céc bude nhu sau.

1. Tach thanh 4 khdi IL, OV, EY v& OU.

2. Chuyén titng khéi trén thanh cac cap s6 (8,11), (14,21), (4,24) va (14, 20).



3. M4 héa cac cip sb trén theo quy tic da cho
3.842-11 =20 (mod26) [3-14+2.21 =6 (mod 26)
4-8+411 =17 (mod26), |4-14+21 =25 (mod 26),

{3-4+2~24 =8 (mod 26) {3-14+2.20 =4 (mod 26)
4-4+424 =14 (mod26), |4-14+20 =24 (mod 26).
Ta thu duge cac cap s6 (20,17), (6,25), (8, 14) va (4,24).

4. Chuyén timg cap khoi trén thanh cac khéi chit cai UR, GZ, I0 va EY.

5. Ghép cac khdi chit cai da ma héa lai, ta thu duge vin ban ma héa URGZIOEY.
Bai 1. Giai ma van ban ma héa sau, biét ring né dugc ma héa theo quy tic néu trén

KWTFANTEWQMDOM

(hay giai thich cach giai ma it nhat 6 chit cai dau tién).

Bay gid ta xét quy tac ma hoéa tong quéat. Cho trude cac sé a,b,c,d € {0,1,...,25} théa méan diéu kien sau.

ad — be 1a mot s6 16 va khong chia hét cho 13. (1)

Mot cip s6 (z,y) (dai dien cho mot khdi 2 chit céi) sé duge ma hoéa thanh cap s6 (X,Y) theo quy téc

X =azr+by (mod 26)
Y =cr+dy (mod 26).

Chéang han, & vi du ¢ dau bai, ta cé a =3, b=2, c =4 va d = 1. Ta goi bang vuong sau day
a b
w-fd
la khéa clia quy téc ma hoéa (2). Ta viét lai & dang gon hon nhu sau
[a 0] [z X x [X]
e d] y} - M ey K M ~ )
Ching han, nhu trong vi du ¢ dau bai
3 2][8] _[20 3 2] [14] _[6 3 2][4] _[8] 3 2] [14] [4
a1 ] T ) a1 f2n) s |41 |24) T a0 |4 1] |20) T [24)

Bai 2. Giai thich diéu kien (I). Goi y: Mot quy tdc ma héa chi cé o nghia khi ta c6 thé gidi ma moi van bdn mot
cach duy nhat. N6i mot cach todn hoc, mot quy tdc méa héa la mot dnh za

—_

{0,1,...,25} x {0,1,...,25} — {0,1,...,25} x {0,1,...,25},

va ta yéu cau rdng dnh za ndy phdi la song dnh.
Bai 3. Néu tdng s6 chit cai khong phai 1a 26 ma 1a n, ta diéu chinh lai cac quy tic ¢ trén mot cach thich hgp. Khi
d6 diéu kien (T) sé 1a gi?

2 . R j /Y,
Bai 4. O bai ndy, ta thita nhan khang dinh sau: Ton tai duy nhat khéa K' = [Z, Z,

(duong nhién, K’ 13 mot

khéa nén né phai théa man dieu kien (1)) khi thay a, b, c,d lan lugt béi a’, b, ¢/, d’') sao cho quy tidc ma héa tuong
ing chinh 1a quy tic gidi ma ng vdi khéa K, néi cach khac 1a

B =B = a6



Ta goi khoa K’ 1a khéa ngugc ctia khoa K. Tim khoa ngudc ciia khoa [i ﬂ & dau bai.

Bai 5. Chitng minh khing dinh da thita nhan & Bai 4, va tim cong thiic cho cac sb a’, V', ¢, d’ trong khéa K’ theo
a,b,c,d. Chi y: Diéu kién s€ déng mot vai tro then chot.

Phd ma 1 thao tac tim khéa K ban dau (tit do, ta c6 thé dé dang tim dugc khéa nguge K’ theo Bai 4, va gidi ma
tat cA van ban da ma hoa theo quy tic nay).

Bai 6. Gia sit ta c6 mot chiéc may ma héa (khi nhap vao mot vin ban, may cho ra van ban da ma héa) va ta biét
ring né hoat dong theo quy tic (2)), nhung ta khong biét khoa K ctia né. Hay dé xuat cach phd ma bang cach nhap
4 chit cai vao may.

Bai 7. Tai sao ta khong thé pha mé bang it hon 4 chit c&i?

Bai 8. C6 tat ca bao nhiéu khéa?

Bai 9. Khéa tam thuong 1a khéa I ma quy téc méa héa tuong tng 13 "giit nguyeén tat ci chit cai". Tim khoa tam
thuong 1.

Bai 10. Ta xét khéa R ma quy tic tuong tng clia né la "ddi chd hai chit cai trong mdi khéi". Tim khoéa R.

Bai 11. Chi ra rang moi khéa déu giit nguyén khoi AA (nghia 13 khi ma héa khéi nay bang moi khéa thi déu thu
dugc chinh no).

Bai 12. Chitng minh réing néu mot khéa K = [Ccl Z giit nguyen it nhat hai khoi (trong tong cong 26 x 26 khoi

hai chit cai) thi a vd d cing tinh chén 18, hodac 1 — (a + d) + ad — be chia hét cho 13.

Cau héi cong diém. Xét quy tdc ma héa tuong ty nhu trén, nhung ta tach thanh khéi 3 chit cai thay vi khéi
2 chit cai. Hay c6 gang lam lai cAc bai tap tit 2 dén 12 (cang nhiéu bai tap cang tot). Tw khéa: Dinh thic, quy tdc
Sarrus.



